FRAMED DEFORMATION OF GALOIS REPRESENTATION 

LIN CHEN 

qq ' Abstract. We studied framed deformations of two dimensional Galois representation of which the 

f^ ' residue representation restrict to decomposition groups are scalars, and established a modular lifting 

f^ , theorem for certain cases. We then proved a family version of the result, and used it to determine the 

^sj ■ structure of deformation rings over characteristic zero fields. As a corollary, we obtain the ^-invariant 

of adjoint square representation associated to a Hilbert Hecke eigenform. 



< 



H 



£ 



> 



oo 
o 



- 1—1 

X 



1. Introduction 



Given a Hilbert modular Hecke eigenform / (over some totally real field F), one can associated a 
two dimensional continuous Galois representation pf (into GL^iK^) for some finite extension K over 
^h Q p ). When / is ordinary, pj is nearly ordinary at p. Conversely, assume the residue representation of a 

given representation p is modular and nearly ordinary, and assume it satisfies a technical distinguishcdness 
condition, the representation can be proved to be modular by Taylor- Wiles [23], Fujiwara [4j and Skinner- 
Wiles 25 . The main idea is to study certain types of deformation problems, and identify the universal 
deformation ring to the localization of the Hecke algebra at the maximal ideal determined by /. This 
type of result is often called "i? — T" theorem. 
\ J-} • When the Distinguishedness condition of a nearly ordinary representation fails, the deformation functor 

£NJ , with the prescribed local conditions is no longer representable. This phenomena also appeared in the 

deformation of Barsotti-Tate representations studied by Kisin [17] . To make a representable functor, 
instead consider the deformations with prescribed local conditions, Kisin consider the functor associated 
to each ring a deformation of Barsotti-Tate representation, together with a basis lifting a fixed chosen 
basis of the residue representation. The basis eliminate automorphisms of the functor, and thus form a 
representable functor. As a result, Kisin proved certain framed version of the "i? = T" theorem, up to 
some finite torsion due to the Barsotti-Tate condition, which is enough to prove the modularity. 

In this paper, we will consider the local condition that the restriction of p to the decomposition groups 
are scalers, so the distinguishedness condition fails. Inspired by Kisin's work, we invent a deformation 
ring TZ^' S , which represent the functor associated each ring A a deformation of the representation of a 
decomposition group into the Borel subgroup (upper triangular matrices) together with a basis, which 
is transformed to the standard basis by an element of the Borel subgroup. The reason we make such 
choice is the Schlessinger criterion, which ensure the functor is representable. Using these rings, we 
proved a framed version of the "i? = T" theorem in section [5] and the modularity assuming the residue 
representation is modular in Theorem 16.11 We then generalize this result to Hida's family of Hilbert 
modular forms. As an application, we prove Hida's conjecture that IZk is a power series ring, where 
IZk is the universal deformation ring representing the functor of deformations into representations over 
Artinian iC-algebras. This result implies Hida's conjectural formula 16J of the /^-invariant of the adjoint 
representation, in Corollary 18.41 

In section [21 we provide some well known facts on Hilbert modular forms. In section [3l we study the 
framed deformation (without local conditions) of Kisin [17], and calculate their tangential dimensions 
using Galois cohomology. The ring JZ^' S and the deformations of the scaler representation of the 
decomposition group into Borel subgroups are studied in section [H which is the most original part of the 
paper. Section \5\ and [6] are the Taylor- Wiles system and the modularity. We generalize these result to 
Hida's family in section [7] and obtained the /^-invariant in section [51 

Finally, I want to express my grateful to Professor Hida for all his patience, time and care for the past 
four years. Without his educations, suggestions, comments and encouragements, this work can not be 
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finished. I also want to thank Professor Qingchun Tian of Peking University for the conversation in the 
summer of 2007. 

2. Hilbert Modular Forms 

Fix a totally real number field F of degree d. I is the set of embedding of a : F <—> Q. Denote by 
Ap its ring of adeles, which decompose into finite and infinite parts as Ap = A F x A|?. Let Q p be the 
algebraic closure of Q p and E C Q p a finite extension of Q p with integer ring Oe ■ Fix the embedding 
C ^ Q ^ Q once and for all. 

As Hida in [5] , we consider the following type of continuous "Neben" characters 

e = (ei,e 2 : <5 X -» C x ,£+ : A F /F X -> C x ) 

and the weights k = (fei, fc 2 ) € Z[^] 2 such that k\ + k 2 = (n + 1) • I for some integer n, £+|g x = £i£2 and 
£+(2^00) = x~( kl+k2 ^ +I . Let TV be an integral ideal of O and define the To type congruence subgroup 

fo(A0 = {(" b ^€GL 2 (d)\c€Nd} 



c 



d 



and the T\ type congruence subgroup 



?i(A0 ={( a c Jle GL 2 (6)\a - 1, 6, d - 1 G iVO}. 

Let £~ = E2 £1 and assume its conductor c(e~) D AT, then the character 

e : fo(JV) -> C x 

defined by e I , 1 = e 2 (ad — bc)e~(a) is a continuous character of ro(iV). 

Under the above notation, define the automorphy factor of weight k as 

J k (g, z) = det( 5 ) fc ^ 7 j(5, z) fc2 - fcl+/ = JJ dct( 5ff ) fcl - (c CT z CT + d a ) fc ».'-*»-+ 1 

for g = (g a ) £ GL 2 (A'p) = GL 2 (K) 7 and z = (z a ) £ H 7 , where H 7 is the d folder upper half plain 
as usual. Define the Hilbert cusp form S k (N,e;C) of weight k, level N and "Neben" type e to be the 
functions / with the following three conditions: 

(Al) For all a £ GL 2 {F), z £ Z(A ¥ ) and u £ T (N)Ci, where C\ is the stabilizer of i = 
(V=T, y/=l, • • • , V^l) G H 7 in GL+(A^), /( QI « Z ) = £+(z)e( W/ )/( 2 :) J fc ( Uoo , i)- 1 . 

(A2) For each z G H 7 , choose an element u £ GL 2 (A F D ), then the functions f g : H 7 — > C defined by 
/ 9 (z) = f {gu oc) J k (u 00,1) are holomorphic for all 3 G GL 2 (A F ). 

(A3) J Af/f /((J ")a:)d« = for all a G GL 2 (a£). 

As usual, one can define the Hecke operators T v and S v for u f N and t/^ for £|iV acting on the finite 
dimensional complex vector space Sk{N, e; C). Let W be the integer ring of some number field containing 
the values of £1,62, £+ and all the conjugates of O in Q. It's well known that there is a W lattice 
S k (N, s; W) C Sk(N, e; C) stable under the action of the Hecke operators mentioned above such that 

S k (N,e;W)® w C = S k (N,e;C). 

For each W-algebra A, define S k (N,e;A) = Sfc(JV,e;W) <8>w A. Define hk(N,s;A) to be the A- 
subalgebra of End^S^TV, e\ A)) generated by the operators T v for v \ N and Ug\N. Then there are 
isomorphisms 

Kom A (S k (N,e;A),A) ^h k (N,s;A) 

and 

Eom A (h k (N,e;A),A) 2 S k (N,e;A) 

given by the perfect pairing (, ) : h k (N,e;A) x S k (N, e;A) — > A such that (/i, /) = a(l,/|/i) for a(l,/) 
the first coefficient in the q-expansion of /. 
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Let W be the completion of W at a prime above p, so W is a complete discrete valuation ring with 
residue field k of characteristic p. The following theorem is well known and should be attributed to many 
people including Shimura, Deligne, Serre, Wiles, Blasius, Rogawski and Taylor. The version we present 
here is partially adopted from Hida's book [8]. 

Theorem 2.1. Suppose fc 2 — k\ + / ^ 21 . Let P be a prime ideal of h = h k (N, e; W) and assume that 
the characteristic of the fraction field ofh/P is different from 2. Then, there is a continuous semisimple 
Galois representation pp : Gf — > GL2Q1/P) unramified outside pN such that 

(1). tr(pp)(Frobi) = Tg for all prime ideals £ \ pN and det(pp) = e + J\f n for the p-adic cyclotomic 
character N . 

(2). Let m be the unique maximal ideal containing P and assume that T p ^ m for all primes p\p, then 

we have Pp\d p — [ ^ x ) for the restriction of the representation pp at the decomposition group D pp . 

Moreover, 5 p (\m p , F p ]) — U p (uj p ) and S p ([u, F p \) = ei, p (u)u~ kl - p for u £ O p . 

(3). Write N = Noc(e~) and suppose that Nq is square free and prime to c. Lf £ is a prime factor of No 

which prime to p and £ 2 j N, then pp\Di ={ „ „ ) such that Se([we, Fe]) — Un and Sf([u, Fg\) = ei^{u) 
for u£<D*. 

Here in the statement (2) of the above theorem, the symbol M _fclp denote the product Y\ a£l o-{u)~ kl -° 
where L p is the subset of / consisting of the embedding a : F — > Q — > Q p which give rise to the completion 
F p . Since we choose W[-] contains all the image of the embedding of Of, we may regard the above 
embedding actually into W[^]. 

Let to be a maximal ideal of h, then the localization h m is a direct summand of h. The tensor product 
Sk(N,£;A) m = Sk(N,e;A) (gift h m for a M^-algebra A is then a direct summand of Sk(N,e;A) and can 
be identified with Hom J 4(/i m ®w A, A). 

If the representation p = p m constructed as above with the extra property that ei ^ Si, we call this 
condition (ds) at £. From now on, we assume the square free hypothesis in (3) of the above theorem. 

Let i be a prime ideal of F such that x \ pN and write w x the uniformizer of x. Consider the map 

i x :S k {N,e-A) 2 ^S k {Nx,e;A) 

sends (A,/ 2 ) £ S k (N,e;A) 2 to f x + f 2 \[n x ] for Vx = ( Q w ) ■ We denote S k (Nx,e; A)°Jf the image 

of S k {N, e; A)^ under the map i x and denote h^f C FjndA(S k (Nx,e; A)^) generated by all the Hecke 
operators. 

2 U„, J-U J„„„ / * x 1 



Lemma 2.2. Define a linear operator U acting on S k (N,e; A) by the matrix . .. , 

multiplication on the right of (/i,/2) £ S k (N,e; A) 2 . Then we have i x o U = U x o i x . Furthermore, if 
the residue representation ~p : Gf — * GL^ih/m) associate to the maximal ideal m of the Hecke algebra 
h = h k (N,e;W) restrict to the decomposition group D x satisfies the (ds) condition, then there is an 
isomorphism 



Proof. 



ht d = h m [X}/(X 2 - T X X + s+(m x )N{x) n ) Si h 2 m 



f\T x = [ Vx ](f)+ J2 [(J 1 )'/.'.]</) = ['/..](/) + f",(.n. 

a mod X 



which means that on S k (Nx,e;A)^ d , we have T x = U x + [rj x ]. On the other hand, [r] x r] x ] — [roj, so 
U x o [r, x ] = e+{vj x )N{x) n on S k (Nx, e; A)™. 
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U x i x ((fiJ 2 )) = U x {h + [ Vx ]h) = T x h - [ Vx ]h + e + {w x )N{x) n h 

= ^((/l,/ 2 ) [ £+{m ^ N{x) n ~ 1 ))=* X ((hJ2)U) 

for (/i,/2) G Sfe(iV, e; A) 2 m . The determinant det(J7) = e + {w x )N{x) n g W x is invertible, which implies 
that i x is an isomorphism. U x is invertible in h° 1 ^ and T x = U x + e+(w x )N(x) n U~ 1 £ h^f, thus 
ft^ d = /i m [C/a;] — h m [Y]/(Y 2 — T X Y + e + (vj x )N(x) n ). If further assume p satisfies (ds) condition at x, 
the equation Y 2 — T X Y + e + {w x )N(x) n — has two distinct roots modulo m, so has two distinct roots 
by Hensel lemma, which implies h m [Y]/(Y 2 — T X Y + s+(m x )N(x) n ) = h^ as algebras. D 

Let Q be a finite set of finite primes of F such that p satisfies (ds) at v and N(v) = l(modp) for 
all v £ Q. Let NQ be the ideal NY[ v£ q(w v ) and let rJ(Q) = n«eQ F{(zo v ). For each v £ Q, choose 
a solution a v of the equation Y 2 — T V Y + e+(w x )N(x) n = 0. We thus has a maximal ideal ttlq of 
hk{NQ,e;A) in the old part generated by ir,T x — tfp(Frob x ) for x \ pNQ and U v — a v for v £ Q. The 
above lemma implies hk{NQ,e;A) mQ = hk(N,e;A) m . 

For each v £ Q, let A„ be the maximal p-power quotient of (0^/ct7 u O t ,) x , and let A — Y\ ve n A„. Define 
?7 W to be the kernel of the projection (O v /zu v O v ) x — > A„, i.e, 17^ consists of elements in (C„/-ci7„C„) >< 
with order prime to p. Denote by Sk(NQ,e; A) the forms in Sk(To(N) n r}(Q),e; A) fixed by the action 
of Y\ ve nU v . Let hk{NQ,e;A) be the elements in EndA(Sfc(iVQ,£; A)) generated by Hecke operators. 
h k (N Q ,s;W) is then a VF[A]-algebra and h k {N Q ,e; W)/{8 - 1,6 £ A) = /i fc (iVQ,e;Ty). Let m Q be the 
inverse image of tuq under the projection hk(NQ,e; W) —* hk(NQ,e;W), so itiq is a maximal ideal of 
h k (N Q ,e;W). 

Lemma 2.3. The group A acting on Sk(NQ,e;A) mQ induces an isomorphism between the invariants of 
the action, and the space Sk{N, e; A) m . The localization h k (NQ,e; W) mQ is a W[A]-algebra, free of finite 
rank over W[A]. 

For a proof of this lemma, see Hida [8] section 3.2.3. 

3. Galois Cohomology 

Fix a finite extension K of Q p with integer ring W, uniformiser -kk and residue field k. Denote 
CNL W the category of complete neotherian local VF-algebras with residue field k. Let S be a finite set 
of primes of F containing all the primes dividing p. Denote the Galois group of the maximal extension 
of F unramified outside S by Gf,s- Choose a decomposition group Gp v for each v £ S once and for all. 
Let tp : (Ap) x /F x — ► (W) x be a continuous character unramified outside S, and we regard it as a Galois 
character via class field theory 

(3.1) G&\(F ab /F) ~ {F® q R) x '+\A x /F x -» {k i F ) x /F x . 

Let p : Gf.s — > GL2(k) be a continuous representation on a two dimensional k- vector space V. After 
possibly replacing A; by a quadratic extension, we may and do assume that k contains all the eigenvalues 
of the image of p. 

We will consider the framed deformations of representations for both the decomposition groups and the 
global Galois group Gf,s- For each prime p i of F dividing p, we choose a basis (3\ of the Galois module 
k 2 , and consider the functor from the category CNLw to the category of sets, sending a W^-algebra A 
with residue field k, to the set of equivalence classes of the pairs (pa, Pa), where pa ■ Gf ^ GL2(A) is a 
deformation of ~p\g f an d Pa becomes (3\. via the isomorphism A 2 ^aA/itia — k 2 . We may regard (3a as 
a two by two matrix with entries in A which, after modulo the maximal ideal wia, became the matrix f} l k 
in Mi{k). Two such pairs (pa, Pa) and (p'ajP'a) are equivalent, if there exist a matrix T £ GL,2(A) such 
that T = id(mod ttia) and T(pa)T~ 1 — p' A , TPa = Pa- This functor is representable by an VF-algebra 
in CNL W , which we denoted by 7£p . 

In the special case when p|g f is a scaler, this functor has another description. The set Spec7?.p (A) can 
also be regarded as {(pa, Pa)}/ ~ for pa : Gp p . — > GL 2 (A) a lifting of p| GF and Pa an arbitrary basis of 
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the rank two module A 2 (not necessary a lifting of /3£), while (pA, Pa) ~ (/?a> <^a) ^ there exist a matrix 
T e GL2(A) (not necessary a lifting of the identity matrix) such that T(pa)T~ 1 = p' A and T(3a = /%■ 
One can check these two descriptions of the set Spec7?.p (A) are the same, if the representation p\g f ^ s 
a scaler. Both these two descriptions are need. 

Let llp'^ be the quotient of IZbj corresponding to the deformations with fixed determinant ip, and 
write Tl^ = § p | p fl° and ft£W = § pb ^°^. 

Next we consider the functor from the category CNLw to the category of sets sending A to the set 
of equivalence classes of the pairs (pa,Pa\p\p)i consists of a deformation pa ■ Gf,s ~ > GL2{A) of p, 
and an A-basis B\ lifting the chosen basis Q\ for each pAp. Two pairs (pa,Pa\p\p) an d (p'at @'a % )\pAp) 
are equivalent, if thre exist a matrix T 6 GL2{A) such that T = id(mod tua), T(pa)T~ 1 = p' A and 
T(3\ = P'a f° r every pAp. This functor is representable by some W^-algebra Hp^g. If p is absolutely 
irreducible, the universal (non-framed) deformation functor is also representable by a VF-algebra TZf.s- 
Similarly, write T^-p's for the quotient of IZp s corresponding to deformations with fixed determinant ip. 

Denote by E the places p above p and write r = |E|. For any representation (p, V) of a group Gf,s 
(resp. G v ), over a rank two free module V over some ring A, denote ad(p) (resp. ad°(pj) or ad(V) (resp. 
arf°(V A )) the adjoint action of G on End(V^) (resp. the trace zero elements in End(V)). We have the 
following relation between the rings 7£° s and TZf,s- 

Proposition 3.1. Assume]} is absolutely irreducible. The morphism IZf.s —* T^-fs * s of relative dimen- 
sion j = 4|E| — 1 = 4r — 1. The ring TZps can ^ e identified to a power series ring 1Zf.s[[u>i, ■ ■ ■ ,uij}]. 

Proof. Since we assume that the residue representation p is absolutely irreducible, we have the tangent 
dimension 

dim(n F ,s/(nK)n F ,s) = dim H 1 (G F ,s,ad(p))- dim H°(G F ,s,ad(p)) 

= dimH 1 (G Fi5 ,ad(p)) - 1. 

These are computed in the following way. Each deformation is regarded as p : Gf.s — * GL2{A), 
determined by a matrix valued function A(g) of the Galois group Gf,s- Let A(g) — A (g)+eAi(g), where 
Ao(g) is the representation "p. Then Ai(g)Ao(g)~ 1 is a cocycle in the module ad(~p). The deformation is 
trivial, if there is a matrix T = T Q + eT x such that TA{g)T~ 1 = A (g), ie, T e H° (G F ,s , ad(p )) and 
T\Tq is a coboundary. 

For the framed deformation, two pairs (pi, f3{, ■ ■ ■ , /?*) and (p2, 0i , ■ ■ • , /?r) are equivalent, if there is 
some T as above, such that Tp 1 (g)T^ 1 = p2(g) and Tf3j — 3f. Now assume we have a framed deformation 
(pA, /?i, ■ " , /3r)j we have a morphism 7?f,s — ► ^4 such that the composition G — ► GL2(Rf,s) — * GL2(^4) is 
equivalent to the given p^, say they are up to conjugation by T. Replace the original pair (p^, /3i, • ■ • , /3 r ) 
by (TpaT -1 ,Tj3\, ■ ■ ■ ,T6 r ). Then there is no way to change the pa- However, a multiplication by a 
scaler matrix T won't change the equivalence class of the framed deformation pairs, and this is the only 
way to get an equivalent pair while preserving the shape of the representation. Thus, we may also fix one 
of the coordinate of the frames, say the right bottom corner of j3 r have value 1. Then we can see that 
the Rf,s[[wi, • • • , Wj]} has the universal property and the uniqueness, while the r pairs of basis are given 

by 8; = I l ~ _, l ~" ) for % = 1, 2, • • • , r, where the last one WA r = as we fixed. □ 

Restrict the universal representation Gf.s ~ > GL2(7Z F 'g) to the decomposition groups, TZ F s become 
an algebra over Tc?^ by the universality. Both of these two rings describe deformations without any 
local conditions. To encode the local description, later we will consider certain quotients of these rings. 
The following lemma of Kisin [17] described the relative tangential dimensions of these two rings in terms 
of Galois cohomology. 

Lemma 3.2. (Kisin) Let S v — dim^ H° (G f v , ad(p)) for v\p and 5f — dim^ H°(Gf,s, o,d(p)). Define 
H^(GF.s,ad (p))=ker(9 1 :H 1 (G F .s,ad (p))^l[H 1 (GF v ,ad (p)))- 

V | p 
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Then 7Z F s is a quotient of a power series ring over IZp'^' in g = dim H^(Gp,Si ad°(p)) + Y^v\v ^ v ~ ^ F 
variables. 

From now on, we will make the following assumptions. 

(1) p\a Fv is scaler for each v\p. 

(2) p has odd determinant and the restriction to Gpu \ is absolutely irreducible. 

(3) p > 5. If p = 5 and ~p~ has projective image isomorphic to PGL-^h), then [F(£ p ) : F] = 4. 

(4) For every v G jS\S, we have 

(3.2) (1 - N(v))[(l + N(v)) 2 det p{Frob v ) - N{v)(trp{Frob v )) 2 } G fc x . 

Here Frob v means the arithmetic Frobenius at v. The scaler condition (1) is the deformation problems 
we want to discuss in this paper. This type of deformation problems are not covered by Fujiwara [4j 
and Skinner- Wiles [25] , because the deformation functor is no longer representable if the restriction of ~p 
to decomposition groups are scaler. This is the main problem we will solve in this paper by inventing 
a new type of framed deformation functor. Assumptions (2) and (3) are standard requirements for the 
Taylor- Wiles argument. (4) is to simplify the argument of bad primes outside p, which may be removed 
if one use Fujiwara's more general argument. 

The Taylor- Wiles argument needs to enlarge the set of ramification primes. The relevant result here 
we quote Kisin's version in [17] section 3. 

Proposition 3.3. (Kisin) Write g — dim^ H 1 (Gf,Si a ^°p(l)) — [F '■ Q] + 1^1 ~~ 1- For each positive 
integer n, there exist a finite set of primes Q n of F, disjoint from S, such that 

(1) For each v G Q n , N(v) = l(mod p n ) and~p(Frob v ) has distinct eigenvalues. 

(2) \Q n \ = dim k H l (G F ,S,ad°p( 1 ))- 

(3) Let SQ n = S U Q n , then 1Z- F s is topologically generated over Wr'^ by g elements. 

For each n, fix a set of primes Q n and denote by Aq^ the Sylow p-subgroup of (0/n„eQ m vO) x = 
Y\ ve n n (0/ru v O) x . For v G Q n , let £„ G Aq^ be the image of some fixed generator of (Of v /&v) x ■ 
Write h 1 = \Q n \ = dioife H {Gp,Si ad p(l)) an< ^ or der the elements of Q n as Ui,i>2, - " jVh 1 - VF[AqJ 
becomes a quotient of W[[yi, ■■■ , y h i}} by mapping y t to £ V( - 1, say VF[A Q J = W[[y\, ■■■ , y h i]]/b for 
some idea b C ((yi + l) p — 1, (y 2 + l) p — 1, • • • , (y^ + l) p — 1)- As explained in [2], the ring T^-F,S Qn 
is a VF[AQ n ]-algebra, and 1Zf,s — T^f,Sq /(j/i — 1, J/2 — 1, ■ ■ ■ ,Vh x — 1) via the above isomorphism. 

4. Framed deformation rings with local conditions 

Recall in section [21 if we take the set S to be the places divide the ideal Np, there is a continuous 
Galois representation 

Pm ■ G F .s ^ GL 2 {h k (N,e 7 W) m ) 

such that for each place v (£ S, the characteristic polynomial of p m {Frob v ) is given by X 2 — T V X + 
e + N{w v ) n . We take the character ip — e + J\f n . 

Denote by p : Gf.s — * GL2{k) the representation obtained by reducing p m modulo m and we assume 
that p is absolutely irreducible. We further assume the ideal m is nearly ordinary at all the places p\p. 
Thus by theorem 12. II in section [2 



Pm\G Fp -^ ^ 

where S p (uj p ) = U p (m p ) and S p ([u,F p ]) = ei tP u~ kl > p . 

When the reduction ~p satisfies the distinguishedness condition, i.e, e p ^ S p , the usual (non- framed) 
deformation functor is representable, and the lifting problem has been studied by many authors, cf Wiles 
[2"8] . Taylor- Wiles [53], Fujiwara [3] and Skinner- Wiles [35] • In this paper, we focus on the worst situation 
that 

% 



where x P = e p = <5pi hi which case the usual deformation functor is no longer representable. 
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In order to form a deformation ring describe these local conditions, we choose a basis P k of the Galois 
module k 2 for each pAp as in section |3l Consider the functor F£^' s from the category CNLw to the 
category of sets, such that F p ,'^' s (A) is the set of equivalence classes of the pairs (pa,Pa) consisting 
of deformations p : Gf — > GL,2(A) of ~p\g f with fixed determinant ip, and an A-basis Pa lifting the 

chosen fc-basis P k , under which p\o F is given by ( ^ Pi I for some characters Xi, Pi and X2, Pi of 

Gf p . such that X2,p . |/ p . = ^p- In other words, the functor we considered is a framed deformation in a 
chosen Borel subgroup of GL^. 

Two pairs (p,Pa) and (p' ,P' A ) are equivalent, if there exist an upper triangular matrix T = id2(mod 
171a), such that TpT^ 1 = p' and T(3a — P'a- This functor F p '^' s is representable by checking Schlessinger 
criteria. Denote by 1Z^ ,S the TV-algebra representing this functor. The ring TZ p '^' s is a quotient of T^-^ . 
We define 7^'' s = % p \ p 1l^ s . 

The functor F£W' S also has another description. The set F£ ^ ,S (A) can be regarded as the collection 
{(pA, Pa)} I ~ where Pa is an arbitrary basis of the free module A 2 (not necessary lifting the chosen P k ), 

and pa is a deformation lifting p such that it's of the shape ( l A ?i ) under the basis Pa, for some 

V u X2,pJ 

characters Xi,p- and X2,p ; of Gp such that X2,p|i p . = & Pi - To pairs (pa, Pa) ~ (p'aiP'a), ^ there exist 
a matrix T £ GL2(A) (not necessarily a lifting of identity) such that TpaT^ 1 = p^. 

Proposition 4.1. dimlZ^- 3 /m w 1l^< s = 1 + dim Horn (Gf p , k) = 2 + [F p : Q p ]. 

Proof. The above dimension is equal to dimFp ^' s (k[e}), where e 2 = 0. The restriction of \2, P on the 
inertia subgroup I p is fixed, only the image of Frobcnius element has one dimensional deformation. The 
determinant of p is fixed, which implies xi,p — V'X^p is uniquely determined by X2.p- For fixed xi,p 
and X2,p; a deformation is given by an extension of X2,p by Xi.p: i e : the vector space H 1 (Gp p ,k) — 
Hom(GF , k), which is of dimension [F p : Q p ] + 1. The allowed ways of choosing basis are precisely the 
equivalence relation ~, thus, they have no more contribution. □ 

Write T — h k (N, e, W) m and write pr for p m . Take a basis P % T of T 2 for each for each p\p, under which 
Pt\g f is upper triangular. Then we can consider the framed deformation of the pair (p, /3|.)i=i,2,--- ,r, 
where we fix the basis P k to be Pj, modulo tut- Choose a basis P % of (1Zf,s) 2 which lifting P % T via the 
surjective homomorphism TZf,s — > T by the universality. We normalize the isomorphism 

(4.1) Rp^ s ~ R F ,s[[wi,--- ,i04i-i]] 

such that for each ring A in the category CLNyy and a homomorphism of PF-algebra t : R^ s — > A, the 

corresponding element in the set SpecRp s (A) is (t, o pr fs , t( I " " l ~ I • P t ))i=i,2,--- ,r, where 

\ Wte— 1 W4i / 

again we agree on that W4, r — as in the proof of proposition 13.11 

Define T D = T®r f S R^ s , which is isomorphic to a power series ring over T. The representation 
pT gives a surjective homomorphism of W-algebra 9 : IZf.s ~~ > T, hence a surjective homomorphism 
9 : TCp s ~ * ^ D - The basis determined by the mapping 9 is thus given by 

oi _ A + W 4i _3 W4i-2 \ m 

for each prime p t . Write p T n for the composition of px and the natural inclusion T — > T D . The pair 
(Pt d Ig f >/^d) is not in the set Fp '^' S (T D ), since there is a lower left corner in the basis PLn- Define 
a quotient T A of T D by T D /(wAi-i,i — 1,2- •• ,j) via the isomorphism in proposition 13.11 which is 
also the ring removed the variables Wu-i f° r * — 1)2, ••■ , r. The projection T to T A push the pair 
(Pt°\g f ,ffiru) to the pair (pt*\g f ,Pt^) where the representation pt& is again the composition of pT 

and the natural inclusion T — > T A while /3^ 4 , as the image of /3* n , now becomes I *~ I_ ^' ) -P l 
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since 104,-1 = in the ring T A . By the universality, the composition of the maps IZp s — > T — > T A then 
factors through the tensor product 7Z A = TZ F g® v n,i,TZp'^' s , which we denoted again by 9. The map 
1Zf,s -^ T is surjective, which implies that the map 1Z A — > T A is also surjective. 

Similarly, replace S by Sq„, we can define 1Z% to be the tensor product "R-p't ® n n,4-'R-p^ ,s ■ Take 

Q = Q n in section! write T n = S k {N Qn ,s,W) mQn , T° = T n §>n F ,s Qn ^F,s Qn and T n = T n J /(w ii -i,i = 
1, 2 • • • , j), then there is a surjection i? A — > T A of W[[yi, • • • , j/hj] algebras. 

5. Patching 

In the section we present a patching criterion of the Taylor- Wiles system after Fujiwara and Kisin. 
We slightly modified Hida's simplified proof [12] of this proposition. 

Proposition 5.1. Let B be a complete local noetherian W -algebra generated by d elements in the maximal 
ideal over W , i.e, B is a quotient of the power series ring W^\Z\, Z2, • • • , Zd]]. 9 : R — > T is a surjective 
homomorphism of B-algebras. h and j are two fixed non-negative integers. Assume for each positive 
integer n, there exist two rings R n and T n fitting into a commutative diagram of W-algebras: 

B[[xi,--- ,Xh+j-d]] ^— ► Rn 2 — ► T n 



R — — v T 
which satisfies the following conditions: 

(1) The above diagram consists of surjective B-algebra homomorphisms. 

(2) R n is a A = W[[yi,- ■ ■ ,yh,h,- • ■ ,tj]]- algebra, and(yi,- ■ ■ ,yh)R n = ker(i?„ -» R),(yi,- ■■ ,yh)T n 
ker(T„^T). 

(3) The kernel 6 n = ker(W / [[yi, • • • , y^, ti, t\, • ■ ■ , tj]] — > T n ) is contained in the ideal ((1 + y{) p — 
l,--- ,(1 + yh) p — 1), and T n is finite free over A/fi„. In particular, T is finite free over A/ := 

Then, 6 is an isomorphism and B = W[[zi, Z2, ■ ■ ■ ,Zd]]- 
Proof. Write s = rankA^T = rankA/e„T„ and r n = sn(h + j)p n . Consider the ideal 

c„ = Kf + ((1 + yi ) p " - l, .... (1 + y h f - l, h, ■ ■ ■ , tj) 

of A. As the residue field k of W is finite of q elements, we have \T n > /c n T n >\ — \T n /c n T n \ — q Tn for 
all n' ^ n and so lengthy T n /c n T n < r n . Hence m r £T n /c n T n = and the composition 9 : R n i — > 
T n i — > T n >/c n T n > factors though the homomorphism 9 : R n >/(c n + m r ^ ) — > T n //c n T n i. In particular, 
9 : R^T -> T/c n T factors though the homomorphism 9 : R/(c n + m r £) -> T/c n T 

Call (D, A) a patching datum of level n, if there is a commutative diagram consisting of surjective 
homomorphism of B-algebras 

B[[xi,--- ,Xh+j-d\] ► D > A 



R/{t n +m r $) ► T/c n T 

and D is a A/c„-algebra(thus also a A- algebra) with the property m r £ = 0. Two patching datum (D, A) 
and (D',A') are isomorphic, if there exist isomorphisms D = D' and A = A' which commute with the 
two diagrams. For a given level n of patching datum, the order of D and so as well as A is bounded. Thus 
there are only finitely many patching datum of level n. On the other hand, the above argument provide 
a patching datum 9 : R n //(c n + m 7 ^ ) — > T n i/t n T n i, for each integer n' ^ n. By Dirichlet's drawer 
principle, there is an infinite subset / of the natural numbers N, such that for any two integers n < n' in 
/, the patching datum (9 : R n '/(tn + m 7 ^ ,) ,T n > / 'c n T n i) is isomorphic to (9 : R n /{c n + rn r £ ),T n /c n T n ). 
Take a projective limit Rqo = lim„ e /# : R n /(c n +m r £ ) and T^ = lmi ne i9 : T n /(c n -\-m T rf ), then we have 
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a commutative diagram of surjective morphisms 

B[[x u --- , x h+j - d ]] ^—> Roo — ^-> ^ 



R — — ► T 

Roo becomes a A-algebra and T^ is free of rank s over A = lining/A/fi^A. The Krull dimension of T^ is 
then equal to h + j + 1, the Krull dimension of A. However, we have a chain of surjective homomorphisms 

(5.1) W [[-?].,• •• ,Zd,Xl,--- ,Xh+j-d\] -> S[[xi,- • • fXh+j-d]] -> -Roo -> Too- 

Spec(T 00 ) becomes a closed sub scheme of Spec(W[[«i, • • • , Zd,Xi, • • • > ^fc+j— <*]]); it can't be a proper sub 
scheme since the latter has the same dimension h+j+1 as the former, so T^ = W[[zi, • • • , Zd,Xi, • • • , Xh+j— 
which forces all the arrows in (|5. 1 [) are isomorphisms. In particular, we have B = W[[^i, • • ■ , Zd\] by the 
fact that W[[xi, ■ ■ ■ , x h +j-d\] is faithfully flat over W, R^ = T^ and R = #00/(2/1,2/2, ■ ■ ■ , Vh)Roo = 
Too/iyuVi,--' ,yh)Too =T. D 

In our case, lZp'^ ,s is a W-algebra of relative tangent dimension d = 5Z p i p (2 + [E p '■ Qp]) — 2|S| + [F : 
Q]. In other words, TZ^ ,S is a quotient of W^[[zi, 22 • • ■ , Zd]]. Apply this patching lemma to our setting 
that B = TZ^' S , R = K A , R n = TZ^ n , T = T A and T n = Tg n , we get the following 

Theorem 5.2. K h =T A . 

One byproduct of this Taylor- Wiles argument is the following corollary, which seems not follow directly 
from the definition of the deformation ring. 



Corollary 5.3. Tl^' s £ W[[zi,z 2 - •• ,z d ]]. 

6. Modularity 

Let / be a cuspidal Hilbcrt modular eigenform over F and let Ef : \ be the A completion of its coefficient 
field for some place \\p. Denote by O/.a the integer ring of Ef\, nf^x the uniformiser and k the residue 
field. A Galois representation p^\ : Gf,s -> GL2{Of t \) is attached to /, where S is a finite set of places 
containing the infinite places, the primes above p and the primes where / is ramified. 

Let E be a finite extension of Q p with integer ring Oe, uniformiser 7r and residue field k. If a represen- 
tation p : Gp,s ~> GL%(E) is equivalent to a some Pf.x, then we call it modular. After conjugation, we 
may assume p : Gf,s —> GLi(Qe) and denote p the composition Gf,s — > GL>2{Oe) — > GL2(k). Under the 
assumption that p is irreducible, then it's independent of the choice of the element we used to conjugate 
the image of p. Call p residually modular if p ~ p/ a f° r some Hilbert eigenform / over F. We assume E 
is large enough that it contains all the conjugates of F and its residue field k contains all the eigenvalues 
of the images of p. 

To prove the modular lifting theorem, we need more descriptions on the shape of the restriction of p to 
the decomposition groups above p. Write /3 = (ei, e%) for the standard basis e\ =* (1, 0) and e 2 =* (0, 1) 
of k 2 . Recall that in section [4] when we define the framed deformation rings, we have chosen the basis f3\. 
of k 2 for each p^, according to the representation pr : Gf,s —> GL2{T) into the Hecke algebra. A matrix 
Mi £ GL,2(k) is uniquely determined by Mi ■ (3q = j3\ for each i. 

Theorem 6.1. Let p : Gf.s ~ * GL,2(Oe) be a continuous representation with the following conditions 
hold 

(1) The determinant of p = e+J\f n is odd for some finite order character e+ and positive integer n, 
where J\f is the p-adic cyclotomic character. 

(2) p is nearly ordinary at all palace p above p, p\q — Mi I *?* - I M~ for some matrix Mi £ 

GL 2 (0) such that Mi = Mi(mod(7r)) ; where S p ([u,F p ]) = ei tP (u)u~ kl -p for u e 0£ , k\ € Z[I] and 
k 2 = {n + 1)1 — k\ satisfied the condition k 2 — k\ + / ^ 21 . 
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(3) For every p above p,there is a character x p ■ Gf,s ~^ k x such thate p = S p = x p , and the residue 

(x 

representation p\g p ~ I n p — 

(4) The restriction of ~p to Gpu ) is absolutely irreducible. If p — 5 and ~p has projective image 
isomorphic to PGL 2 (¥ 5 ), then [F(( p ): F] = 4. 

(5) the representation of GL2(F) corresponding to p\q v under local Langlands correspondence is not 
special at any prime v \ p. 

tf~P ~ ~Pf f or some automorphic form f of weight k — (k\, k 2 ), then p is associated to an automorphic 
form of weight k, too. 

Remark 6.1. The deformation problem characterized by the local conditions (2) and (3) is not covered 
by Fujiwara's work [3], which he assumes the distinguished condition on nearly ordinary primes. We 
make the additional description of the matrices M;'s in (2), because under the situation (3), unlike the 
situation in [3J when (ds) holds, only assuming p lifting p is not enough to make sure that p is in the 
category parameterized by our (framed) deformation rings. 

Remark 6.2. The condition (5) can be removed either by consider the minimal lifting problem at such 
v as Fujiwara[3], or by introducing automorphic forms on a suitable quaternion algebra as in Kisin[T7]. 
Here we keep to assume it in order to make the argument shorter. 

Remark 6.3. Under the circumstance p\c p . — ( n z ) for all i, the hypothesis on the existence of Mi 

is automatic. The locally split representation is conjecturally to be CM by Greenberg, which is proved 
by Ghate and Hida [5] under the assumption F = Q and the Distinguishedness condition. Thus our 
deformation covered the (non-distinguished) CM case as an example. 

Proof. Enlarge the coefficient field E and the ring W suitably so that we may assume W — Oe- We first 
prove the theorem assuming the following extra condition 

(*) / € Skip, £, W) for the level N = p and the "Neben" e = (ei, e 2 , £+). 

Let m be the maximal ideal of hkip, e, W) associated to /. The local ring T — hk{p, e, W) m is in the 
nearly ordinary part of hkip, £, W) and thus reduced and generated by Ti for £ \ p. Take the set S of bad 
primes to be those above p and the character if> — e+uj n . 

Associated to each p 4 the basis [3 E = Mj • (ei, e 2 ) of O e , where e\ =* (1, 0) and e 2 =* (0, 1). The basis 
[3 E congruent to the universal basis (3 % in section 21 so the pair (p, (3 E ) gives a homomorphism 

Rp' s — > Oe 
by the universality, which factor through the map 

K A = R^:t® n n A n^^ -> E , 
since p\c is upper triangular under the basis (3 E . So we have a homomorphism 

h k ip, e, W) m = T^T h =K A ^W 

which, by the duality of Hecke algebra and modular form, implies that p is modular. 

In the general case, apply the base change technic developed by Skinner-Wiles [25], (see also (3.5) of 
[17j). As we assumed that p is non special for all primes £ outside p, the only possibilities for p\c e are 
either principle or induced from a character of a quadratic extension of F. Both of these two cases will 
become unramified after a suitable base change to a totally real field F'. For the primes in the level 
above p, we can put any powers on them as the Hecke algebra is nearly ordinary, thus, this reduce to the 
case (*). The local descriptions (2) and (3) of p are obviously preserved under restriction to a subgroup. 
Then the above argument implies p\g f , is modular, so p is modular by descent. □ 

7. Locally cyclotomic deformation 

In this section, we will prove a family version of the lifting theorem. Assume the initial weight 
k = (0, 1) in this section and we will write Eq for the inial "Neben" instead of using the letter e. As 
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before, we again assume that p : Gpg — > GL^(W) is a representation satisfies all the assumptions of 
theorem 16. II for the weight k — ko and "Neben" e = eq. 

We consider a new local framed deformation functor $^'* sending a ring A in the category CNLw 
to the set of equivalence classes of pairs (pa,Pa) consisting of a deformation pa ■ Gp p — ► GL 2 (A) 
of /5|g f with fixed determinant '0, and an A-basis Pa lifting the chosen /3k, under which pa is given 

by I *' p I for some characters %i iP and \2, P of Gf p such that the character X2,p|i p £i~p factor 

through Gal(F p r (p p c^)/F p r ), where F" r is the maximal unramified extension of F p . Two pairs (pa,Pa) ~ 
(p'a, Pa) are equivalent, if there exist an upper triangular matrix T = id 2 ( mod tua), such that T paT~ x = 
p' A and T/3^ = f$' A . Notice that the only difference between the above definition and the functor F p '^' s 
studied in section[4]is that in the latter functor, we require that X2,p\i p £i p is trivial (remember that we 
have fix the initial weight k = fco = (0, /)). 

The tangent dimension of the local cyclotomic deformation functor &cyt'p is equal to 3 + [F p : Q p ], 
one more than that of F p '^' s . Again by checking the Schlessinger criterions, K'* is also representable 
by some complete local noetherian W-algebra flcyt',p- 

Write r p for the p-Sylow subgroup of Gal(F" r (p p °°) / F p r ) , which is embedded into 1 + pZ p C Z* via 
the p-adic cyclotomic character. It is isomorphic to Z p by choosing some generator j p . Let Tp = Jlpin ^p- 
We then have an isomorphism py[T>]] = W[[Xi, X2, ■•• , X r }] by sending 7 P . to 1 + Xi, where we ordered 
the primes p's as in section |3] 

The universal representation p cyc ,p '■ Gf p — * GL 2 (lZcyt; p ) — ( n' P ) w i tn X2,p = X P provide 

that X2,p£r,p factors through F p and we get a W^TpJJ-algebra structure on T^cyt'p y ia the character 
X2, P |/ p er,p : I> -» T^cytp- Define TZ^ := %p\ p H^. K$;*'Z is a W[[i>]] -algebra and there is an 
isomorphism K%$g/(Xi, • • • , X r ) = TZ^. 



Identify r (p s )/ri(p s ) with ((0/p s O) 2 ) x by sending l u A E F (p s )/F}(p s ) to (o,d) € ((0/p s O) 2 ) 

We have an isomorphism (Ofp s O) x = Y[p\ r >(^ > p/P S ^ > p) X and the local norm maps N p : O p — ► Z* form 
a surjective homomorphism iVp = Hpip-^p : (Cp/P s Cp) x ~~ * rip|p^p(^/-P s ^) X f° r each integer s > 0. 
Let r cj/c (p s ) be the subgroup of GL 2 (A F ) such that Fi(p s ) C T cyc (p s ) c ? (p s ) and 



L cyc (p s )/I> s ) = Ker(7V 2 : ((0/^0) 2 ) x ) - {\{(O p /p s O p fY . 

p|p 

Put F s = r cyc (p s ) n F (iV), then there is an inclusion <Sfc (T„,£o, W) — > Sfc (L m , £0, W) for each pair of 
positive integers m > n, which is compatible with the Hecke algebras action. Thus there is a surjective 
VF-algebra homomorphism Sk (r m , Eq, W) — ► Sk (r m , £0, W) by restriction, and we define the projective 
limit 

K y ° c rd (N,s Q ; W[[T F }}) := lmi n h n ko ord (f n ,So; W), 

where for any level group T and "Neben" £, the nearly ordinary Hecke algebra is defined by h^- ord (T, e; W) := 
e p h% o ord (T,e;W) for Hida's idempotent 

e p = lim(TTC/(p))™ ! 

P\'P 

where U(p) is the Hecke operator normalized as [8] section 3.1.2, page 168. 

It's known that h^ o ord (T,e; W) is a torsion free ^[[r^JJ-module of finite type ([8],theorem 3.53), so 
h" y ° c rd (N, e; W[[Tp])) is a p-profinite semilocal ring, i.e, a direct sum of the localizations at its maximal 
ideals. Let /o be an Hecke eigen form in Sk (Np, e, W) such that the associated Galois representation 
pj modulo mw equal to p. Let m be the maximal ideal of h™ y ° c rd (N, e; W[[r/r]]) given by / , and denote 
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by T cyc the localization h™ y ° rd (N,e; W[[T F ]]) m . Then there is Galois representation^ , Proposition 3.49) 

p Tcye : Gal(F/F) -> GL 2 (T cyc ) 

unramihed outside pN with the following properties: 

(l)tv(pr cyc (Frobt)) = T e for £ \pN. 

(2)detp TcBC =e+J\f. 

(3)For each pjp, there is a basis /3y c c of I^ c , such that the pair (pt chc | g i/^t chc ) is in ^cyt'pC^cyc), 
where we take the character <f> = e+JV. 

Define T£ := T™ c [[wi, • • • , tU4 r _i]]/(u>4i-i) * = 1j ' ' ' > r ) and define /3^ a = I n 4l ~ 3 1 ** -2 

(3 % T , then the pair (pt' , Pt a )i=i,— ,ri where /?t a is the composition of px c c and the natural inclusion 
Tcyc ^-» ^c^o gives a surjective homomorphism 

. -r?A pT^iVi 'T>A,V',s T^A 

77 • '^cjfc — n F,S ySl^D,* '^cyc,p 1 cyc 

which we will prove to be an isomorphism in the following theorem. 

Write (k,e) for k £ Z[J] 2 and e an arbitrary pairs of weight and "Neben", such that k ia — k ia i 
whenever both er, a' e I p . which we will denote by fc^p. Define a prime ideal Pk, 6 C W^[[r]] to be the 
ideal generated by (x2, P {l) — w(7)~ fcl,p £i(7)) for p|p an d 7 G r p . 

Theorem 7.1. T/ie surjective W[[Tp ]]-algebra homomorphism 1Z^ — > T/£ c is an isomorphism. 1Z^ is 
free of finite rank over W[[Tf]][[wi, ■ ■ ■ , u>4 r — i]]/(w?4i— i,i — 1, • • • j?"). For any locally cyclotomic (k,e) 
such that 

(1) k 2 -h> I, 

(2) z p k ^e J (z p ) = z p ko ^eoAz P ), 

(3) e+ = £ ,+ and £j\ x = £o,j| * for j = 1, 2, 
ft) c(eoj)|c(e i )|p 00 c(e j)A>rj=l,2. 

TTien i/iere is a unique local factor T^^ C h^ ord (N P\ c(e ),e; W) smc/i i/iai we /wwe t/te isomorphisms 
n% c /P Ke n% c ~ T k % induced byir. 

Proof. '&tj/cp/Pk,e'R-tyc£ is the maximal quotient oflZf y ^ p on which S p induces [u, F p ] —* N p 1,p £i, p (u) 
for u € O p . Thus T^tycp/-Pk,eT^tycp is the universal framed deformation ring of ~p\g f f° r the deformations 
of type (k, e) instead of (fco, £o)- The previous proved proposition l5.1l states that TZ^ yc / 'Pk ,e T^cy C — ^- A — 
T A . Write a for the rank of T over W, there is a surjection W[[IV]] a — > T cyc which induces W a = T 
by modulo Pk ,e by Nakayama's lemma. Since T cyc is torsion free VF[[IV]]-module, the kernel must be 
trivial, and we have T cyc = W[[IV]] a . As r R-cyc/Pk ,e T^cyc — ^" A > ^-tyc IS generated by at most a elements 
as a W[[TV]][[t(Ji, • • • , Wir-i]]/ (w4d-i, i = 1, • • • , r)-module. In addition, TZ^ yc surjectively cover the rank 
a free V^[[r> ]][[wi, ■ ■ ■ , m4r-i]]/(w4i-i,« — 1,- • • ,r) module T^ yc , we must have TZ^yc — T c V c- ^ 

8. Characteristic zero deformation and ^-invariant 

There are many different ways to define /^-invariant, which is expected to measure the difference 
between p-adic L-function at an exceptional zero and the archimedean L-function. The ^-invariant 
of an elliptic curve Em is studied by Mazur-Tate-Teitelbaum [19] and Greenberg-Stevens [7]. Hida 
studied the L-invariants of Tate curves [14] [15] and make a vast generalization of Mazur-Tate-Teitelbaum 
conjecture to the symmetric powers of Galois representations associated to Hilbert modular forms [j"6] . 
which gave explicit predictions of the ^-invariants of these representations. Hida proved certain cases of 
this conjecture, assuming a conjectural shape of certain universal deformation rings over characteristic 
zero fields. 

Let K be the fraction field of W and p : Gf.s — * GL2(W) — > GLi(K) is the representation associated 
to some nearly ordinary Hilbert modular form /. Wc further assume that e p ^ 5 P for all p\p, i.e, the two 
characters e p and 6 P of Gf are distinct over W for each p, but become equal after modulo mw- 



FRAMED DEFORMATION OF GALOIS REPRESENTATION 13 

In [8] section 3.2.9, Hida considered the following type of deformation functor &k from ARTk, the 
category of artinian local if-algebra with residue field K, to the category of sets, such that for each A 
in ARTk, &k (A) is the set of isomorphism classes of deformations pa ■ Gf,s — ¥ GL2(A) of po satisfying 
the additional conditions: 

(1) det( PA ) = e+N. 

(2) pa\g f ~ ( n ' P c ) for characters €a, p ,Sa,p '■ D p — > yl x , such that 5a, p — <5 P (mod m^) and 

^.p^Up factor through Gal(.F p " - (/v°)/- F p r ) for all p\p. 

Since p is absolutely irreducible, the functor $jf(A) is pro-representable by a pro-artinian local K- 
algebra TZk with residue field K. We denote the universal representation Gf,s — * GL 2 {TZk) by Ptj k . 

The restriction of p7j K | g f is isomorphic to ( f' p x 

P V U "Kk.p; 

Again we denote T p the p-Sylow subgroup of Gal(F™ r (/j, p <x>) / F p ) , which is isomorphic to a finite index 
subgroup of 1 +pZ p . Denote by 7 P the chose generator as in the last section. The character S-jix^Sp 1 
make the ring TZk into an if [[£ p ]]-algebra, by sending (1 + i p ) to S-n K . p Sp 1 (j p ). The rm g T^-k then 
become a if [[i p ]]| p | p -algebra. 

Conjecture 8.1. fHida,^W\ )The ring IZk is isomorphic to K [[tp]]| p i p . 

In the case of representations associated to nearly ordinary Hilbert modular forms with Distinguished- 
ness (ds) condition, i.e, if e p 7^ <5 p (mod m w ), Hida's conjecture can be deduced from the family version 
of Fujiwara's R = T theorem [4], see Chapter 3 section 2 in [8]. 

In this paper, as we always assume e p = (5 p (mod m w ), Fujiwara's R = T theorem fails, since the (ds) 
condition no long hold and the universal deformation ring R doesn't exist. On the other hand, we have 
proved an isomorphism TZ^ yc = T^ in section [7J In this section, we will show that this isomorphism 
between framed deformation ring and framed Hecke algebra is enough to deduce Hida's conjecture, and 
thus get the formula of ^-invariants. 

For an arbitrary pro- Artinian local W- algebra A and a deformation (pa,0ai' ' ' iPa) corresponding 
to the homomorphism 9 : TZt. c — > A, we can modified the frames to (3 A , • • • , Pa sucn that the kernel of 
the homomorphism 9' : TZ^ — » A corresponding to the deformation (pa, &a, " ' ■> @a) contains the ideal 

1 + 0{w ii - 3 ,) 9(wii-2) 



(wi,W2, • • • , W4 r -i). This can be done by taking /3| = I . _. J_ „! > J • /3 A - 



As we have obtained a homomorphism T cyc — ► T — ► W, the mapping 9q : TZ^ yc — » W sends 



) A 

Wi, ■ ■ ■ , W4 r -i to zero. Denote P the kernel of 9q, we can see Wi's and (7— 1) for 7 £ Tf are in P. The local- 
ization completion 1Z P := \im n ((TZ^ yc )p/P n ) is a pro- Artinian local if-algebra and pp : Gf — ► GL2(1Z P ) 

is obviously in the set <&#-(7?.p). There is a W[[rp]]-algebra homomorphism ■& : IZk —* ftp by the 
universality. To describe the image of this map, we have the following theorem. 

Theorem 8.2. Let 7r be the projection 1Z P — > TZ P /(wi,- ■ ■ ,Wi r —i). The composition -k o $ : TZk — > 
lZp/(wi, ■ ■ ■ ,W4, r -i) is an isomorphism. 

Proof. It's well known that the ring TZf,s and IZk are topologically generated by the trace of the universal 
Galois representations, for example, page 244 of [8j. The framed ring TZ^ yc and hence the completion 
localization TZ P are then generated by the trace of image the universal representation, together with the 
images of w^s. In particular, the quotient TZ P /(wi, • • • , W4 r _i) is generated only by the trace of pp too, 
and 7r o ■§ is surjective. We prove the ring TZ P /(wi, ■ ■ ■ , w^-i) represents the functor $^ directly. 

For a local artinian if- algebra A and a representation pa € & P (A), there is a W- lattice L in the finite 
dimensional if -vector space A 2 stable under pa(Gf)- The W^-algebra Aq = AOFindw (L) is compact and 
contains the trace of the image of pa- Aq is a local VF-algebra free of finite rank over W with maximal 
ideal bia, = tUa H Aq. One can construct a representation pa '■ Gf — > GL2{Aq) by means of pseudo 
representation which, after composing with the inclusion Aq <—> A, is isomorphic to pA- For each pAp, the 
two distinct characters e p and S p having values in Aq, so the local representation Pa \g„ 1S isomorphic 
to a representation into upper-triangular matrices over GL2(Aq). The reduction of pa modulo mA is 
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isomorphic to p Q . Choose a basis /3 A such that (pa |g p . i$a ) ^ s m the se ^ ^cyt'p- The universality gives a 
homomorphism 9 : TZ^ yc — > A corresponding to the pair (pa , (3 Ag , • • • , f3 Ao ) . We can further assume the 
9q maps Wi to by the remark before this theorem. The composition TZ^ yc — > Aq °-> A, which we again 
denoted by Oo, factors through the localization completion IZp, and further factor TZ P /(wi, ■ ■ ■ ,W4, r —i). 
TZp/(w\, • • • , W4 r _i) must be universal, and n o $ is an isomorphism. □ 

Theorem 8.3. If we normalize the isomorphism W[[Tp\\ = W^[[-X"p]]p|p sending the generators 7 P to 
1+Xp. Then Hida's conjecture hold, i.e, there is an isomorphism IZk — K[[t p ]]\ p i p such that t p = X p —p. 

Proof. By the above theorem, we have the isomorphisms 1Zk — 1Z P /(wi, • • • , W4 r _i) = T cyCt p a , where Pq 
is the image of P/(wi, ■ ■ ■ ,W£ r -i) under the isomorphism TZ^ yc and T cyc ^p := \im n (T cyc ^p / Pq) is the 
localization completion of T cyc at Pq. 

The Hecke ring T cyc / PoT cyc = T, the local Hecek algebra for forms of weight fen = (0, /) and Neben 
£o, is reduced, since the level N is square free. T ®w K is reduced and so unramified and etale over K. 
By proposition 3.8 of charpter I in [20], T cyc is etale over W[[r]] in an open neighborhood of Pq. The 
pull back of Po to VK[[r]] is the prime ideal (X p — p) p \ p . The etaleness implies that T cyc> p coincide to 
the completion localization of VK[[r]] at (x p — p) P \ P (see Theorem 4.2 in the chapter I of [20]), which is 
isomorphic to IZk — K[[tp]]\p\p via the map t p = X p —p. D 

Ordered the primes p\p such that p\c F — ( n T ) <8> <^ Pi for i < b and e Pi /5 Pi ^= lu for b < i < r. A 

cocycle C g : Gal(F p /F p ) -» K{1) labelled by q £ F p x is given by £ q = lim„^,„ for ^ n (a) = (gW^-i. 
Put Qj — Np p /q (qj ) , Fi — F p . and Sn K ,i — ^n K ,Pi- Theorem 18.31 have the following corollary, by 
Hida's Theorem 0.3 in [IB) . 

Corollary 8.4. The Greenberg C-invariant oflndp(ad (p)) is given by 
(8.1) det( — kj>b\t 1 =...=t r =o[[, nn m Al 



dtj "^"" 1 - f^ 5i(b,^]) i\ orMQi) 



l>b 
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